
Higher order approximations of a�nelycontrolled nonlinear systemsNikolay Kirov and Mikhail KrastanovInstitute of Mathematics and Informatics, Bulgarian Academy of SciencesAcad. G. Bonchev str. bl.8, 1113 So�ankirov@math.bas.bg, krast@math.bas.bgAbstract. An numerical approach for numerical approximation of trajectoriesof a smooth a�ne control system is proposed under suitable assumptions.This approach is based on expansion of solutions of systems of ordinarydi�erential equations (ODE) by Volterra series and allows to estimate thedistance between the obtained approximation and the true trajectory.1 IntroductionTo apply the traditional numerical schemes (such as Runge-Kutta schemes) ofhigher order for approximation trajectories of nonlinear control systems is anontrivial task (cf. for example [4], [11] etc.) due to nonsmoothness of the controlfunctions. For the case of linear di�erential inclusions, this problem is studied in[9]. There is proposed a numerical procedure based on a suitable approximationof integrals of multivalued mappings (cf. for example [10]) and on the ideologyof algorithms with result veri�cation (cf. for example [2]). Another approach forapproximating trajectories of a�nelly controlled systems is proposed in [5] and[6]. This approach is based on the expansion of the solution of the systemsof ordinary di�erential equations by Volterra series (cf. for example [7]). Inthis note, combining this approach with the ideas developed in [9], we proposea method for approximation of trajectories of analytic control systems withguaranteed accuracy. We would like to point out that our approach can beapplied for general control systems that are smooth with respect to the phasevariables and continuous with respect to the control.2 Systems of ODE and Volterra series.First, we introduce brie
y some notations and notions: For every point y =(y1; : : : ; yn)T from Rn we set kyk := Pni=1 jyij and let B be the unit ball inRn (according to this norm) centered at the origin. Let C denote the set of allcomplex numbers, x0 2 Rn and 
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point x0. If z 2 C, then by jzj, Re z and Im z we denote its norm, its real andimaginary parts, respectively. Let � > 0. We set 
� :=fz = (z1; : : : ; zn) 2 Cn : (Re z1; : : : ;Re zn) 2 
 + �B; jIm zij < �; i = 1; : : : ; ng:By F�
 we denote the set of all real analytic functions de�ned on 
, suchthat every � 2 F�
 has a bounded analytic extension �� on 
� . We de�ne a normin the set F�
 as follows:k�k�
 = sup fj��(z)j : z 2 
�g:Let h(x) = (h1(x); h2(x); : : : ; hn(x))T ; x 2 
; be a vector �eld de�ned on 
.As usually, we identify h with the corresponding di�erential operatornXi=1 hi(x) @@xi ; x 2 
:Let V�
 be the set of all real analytic vector �elds h de�ned on 
 such that everyhi; i = 1; : : : ; n; belongs to F�
. We de�ne the following norm in V�
:khk�
 = max (khik�
; i = 1; : : : ; n):An integrable analytic vector �eld Xt(x) = (X1(t; x); X2(t; x); : : : ; Xn(t; x)); x 2
, t 2 R (parameterized by t), is a map t! Xt 2 V�
 such that:i) for every x 2 
, the functions X1(:; x); X2(�; x); : : : ; Xn(�; x) are measurable;ii) for every t 2 R and x 2 
, jXi(t; x)j � m(t); i = 1; 2; : : : ; n, where m is anintegrable (on every compact interval) function.Further we shall consider only uniformly integrable vector �elds Xt, i.e.Z t2t1 kX�k�
 ! 0 whenever jt2 � t1j ! 0:Let M be a compact set contained in the interior of 
 and containing thepoint x0, and let Xt be an integrable analytic vector �eld de�ned on 
. Thenthere exists a real number T (M;Xt) > t0 such that for every point x of M thesolution y(:; x) of the di�erential equation_y(t; x) = Xt(y(t; x)); y(t0; x) = x; (1)is de�ned on the interval [t0; T (M;Xt)] and y(T; x) 2 
 for every T from[t0; T (M )]. In this case we denote by exp R Tt0 Xt dt : M ! 
; the di�eomorphismde�ned by exp Z Tt0 Xt dt (x) := y(T; x):According to proposition 2.1 from [1], T (M;Xt) > t0 can be chosen in sucha way that for every T; 0 < T < T (M;Xt), for every point x from M and



for every function � from F�
, the following expansion of ��exp R Tt0 Xt dt (x)�holds true: � exp Z Tt0 Xt dt (x)! = gexp Z Tt0 Xt dt �(x); (2)where gexp R Tt0 Xt dt �(x) == �(x)+ 1XN=1 Z Tt0 Z �1t0 Z �2t0 : : :Z �N�1t0 X�NX�N�1 : : :X�2X�1�(x)d�Nd�N�1 : : : d�1:and the series is absolutely convergent. The proof of these identities is based onthe following estimate: for every positive real numbers �1 < �, for every pointx of M , for every function � from F�
 and for every points �N ; �N�1; : : : ; �2; �1;from [t0; T ], the following inequality holds true kX�N : : :X�2X�1�k�1
 �� N !� 2n� � �1�N kX�N k�
 � � � kX�2k�
 � kX�1k�
 � k�k�
: (3)This estimate implies the following technical lemma:Lemma 1. Let M be a convex compact subset of 
,  2 F�
, Xt 2 V�
 andt0 � �1 � �2 � : : : � �� � T . We set	�1 ;�2;:::;�� := X�� : : :X�2X�1 Then for every 0 < �1 < � and for every two points y1, y2 of M the followinginequality holds true: j	�1;�2;:::;��(y2)� 	�1 ;�2 ;:::;��(y1)j �� (� + 1)!� 2n� � �1��+1 kX��k�M � � � kX�2k�M � kX�1k�M � k k�M � ky2 � y1k:Let the functions Ei : 
� ! R, i = 1; : : : ; n, be de�ned as follows:Ei(z1; : : : ; zn) = zi. We set E := (E1; : : : ; En)T , Xt E := (Xt E1; : : : ; XtEn)T .Applying Lemma 1 we obtain that for every two points y1 and y2 from M thefollowing estimate holds truekX�� : : :X�2X�1E(y2)�X�� : : :X�2X�1E(y1)k �� n�!� 2n� � �1�� kX��k�M � � � kX�2k�M � kX�1k�Mky2 � y1k: (4)We use the estimate (4) to prove an existence criterion for exp R �t0 Xt dt (x)where x belongs to some compact set M :



Proposition 1. Let M and M1 be convex compact subsets of 
, � > �1 > 0,T > t0 and ! be a positive integer such that for every point x 2M and for everyt 2 [t0; T ] the following relations hold true:0 < n 2n� � �1 Z Tt0 kXsk�M1 ds!! < 1 (5)x+ !�1XN=1 Z tt0 Z �1t0 Z �2t0 : : :Z �N�1t0 X�NX�N�1 : : :X�2X�1E(x)d�Nd�N�1 : : :d�1+n! � 2n� � �1�!�1�Z tt0 kXsk�M1 ds�! �B 2 M1: (6)Then exp R Tt0 Xt dt (x) is well de�ned for every point x 2 M . Moreover,exp R �t0 Xt dt (x) 2M1 for every point x 2M and for every � from [t0; T ].Proof. Let x be an arbitrary point fromM . By C(M1; [t0; T ]) we denote the setof all continuous functions de�ned on [t0; T ] with values from the set M1. Wecan de�ne the following operator F : C(M1; [t0; T ])! C(M1; [t0; T ]) as follows:F (y)(� ) = x+!�1XN=1 Z �t0 Z �1t0 Z �2t0 : : :Z �N�1t0 X�NX�N�1 : : :X�2X�1E(x)d�Nd�N�1 : : : d�1+Z �t0 Z �1t0 Z �2t0 : : :Z �!�1t0 X�!X�!�1 : : :X�2X�1E(y(�!))d�!d�!�1 : : : d�1;Let k � kC denote the usual uniform norm in C(M1; [t0; T ]), i.e.kykC = maxfky(t)k : t 2 [t0; T ]g ;where y(t) = (y1(t); : : : ; yn(t))T , t 2 [t0; T ]. This operator is well de�ned onC(M1; [t0; T ]). Let y1 and y2 be arbitrary elements of C(M1; [t0; � ]). Applyingthe estimate (4), we obtain thatkF (y2)� F (y1)kC = maxfkF (y2)(� ) � F (y1)(� )k : � 2 [t0; T ]g �� max�Z �t0 Z �1t0 Z �2t0 : : :Z �!�1t0 

X�!X�!�1 : : :X�2X�1E(y2(�!)) �X�!X�!�1 : : :X�2X�1E(y1(�!))

 d�!d�!�1 : : :d�1 : � 2 [t0; T ]	� n!!� 2n� � �1�! Z Tt0 Z �1t0 Z �2t0 : : :Z �!�1t0kX�!k�M1 � � � kX�2k�M1 � kX�1k�M1 � d�!d�!�1 : : : d�1ky2 � y1kC == n 2n� � �1 Z Tt0 kXsk�M1 ds!! ky2 � y1kC = Lky2 � y1kC ;



where L := n 2n� � �1 Z Tt0 kXsk�M1 ds!! :Since 0 < L < 1, the di�erential operator F is contractive. Applying theBanach �xed point theorem we obtain that there exists an unique function yfrom C(M1; [t0; � ]) such that F (y) = y. The last relation means that y(t) =exp R �t0 Xt dt (x). This completes the proof.The next proposition helps us to estimate the global approximation errorusing the local approximation error and motivates our approximation procedure.Proposition 2. Let " > 0, � > �1 > 0, exp R Tt0 Xt dt (x0) is well de�ned andexp R tt0 Xt dt (x0) 2 
 for every t 2 [t0; T ]. Let t0 < t1 < : : : < tk = T ,2n� � �1 Z ti+1ti kXsk�
 ds < 12 and n! � 2n� � �1�!�1�Z ti+1ti kXsk�
 ds�! < K3k�+1 ;Then there exist compact subsets Mi of 
 such that exp R tit0 Xt dt (x0) belongsto Mi, i = 0; 1; : : :; k, anddiam Mi < Kk� exp � 4n2� � �1 Z tit0 kXsk�
 ds�where diam M := max �ky2 � y1k : yj = (y1j ; : : : ; ynj )T 2M; j = 1; 2	.Proof. We set M0 := fx0g and de�ne the sets Mi; i = 1; 2; : : : ; k� 1; as follows:If Mi is already de�ned, we set Mi+1 := fF (x) : x 2Mig \
, where F (x) :=x+ !�1XN=1 Z ti+1ti Z �1ti Z �2ti : : :Z �N�1ti X�NX�N�1 : : :X�2X�1E(x)d�Nd�N�1 : : :d�1+n! � 2n� � �1�!�1�Z ti+1ti kXsk�
 ds�! �B:We set y0 = x0, yi+1 = exp R ti+1ti Xt dt (yi), i = 1; 2; : : :; k. It can be directlyveri�ed that yi 2Mi andyk = exp Z tkt0 Xt dt (x0) 2Mk:Let us denote diamMi by di. Clearly, d0 = diam M0 = 0. Let us assume thatdi+1 � kF (y2)� F (y1)k+K=3k�, where y1; y2 2Mi. Thendi+1 � nXi=1 ��yi2 � yi1�� + Kk�+1+



+ !�1XN=1 ����Z ti+1ti Z �1ti Z �2ti : : :Z �N�1ti X�NX�N�1 : : :X�2X�1E(y2)d�Nd�N�1 : : : d�1� Z ti+1ti Z �1ti Z �2ti : : :Z �N�1ti X�NX�N�1 : : :X�2X�1E(y1)d�Nd�N�1 : : : d�1���� �� ky2�y1k+ Kk�+1 +n !�1XN=1N !� 2n� � �1�N 1N ! �Z ti+1ti kXsk�
 ds�N ky2�y1k �ky2 � y1k �1 + 4n� � �1 Z ti+1ti kXsk�
 ds�+ Kk�+1 :Hence, we have proved thatdi+1 � di(1 + �i) +�; i = 0; 1; : : :; k � 1;where � = K=k�+1 and �i = 4n2� � �1 Z ti+1ti kXsk�Mi ds:Applying theorem 1.7 (p. 182, [3]), we obtain that for everydi � exp 0@ i�1Xj=0 �j1A i�; i = 1; 2; : : :; k:Substituting �j and � we complete the proof.3 A computational procedureLet us consider the following control system:ddtx(t) = f0(x(t)) + mXi=1 uifi(x(t)); x(0) = x0; (7)where the state variable x belongs to Rn, f0; f1; : : : ; fm are real analytic vectorfunctions and the admissible controls u = (u1; u2; : : : ; um) are the Lebesgueintegrable functions.Let " > 0, T̂ > 0 and u : [t0; T̂ ] ! U be an admissible control. First, usingProposition 1 we can �nd a positive real T (not greater than T̂ ) and a compactsubset 
 of Rn containing the point x0 such that the corresponding trajectoryx : [t0; T ] ! Rn is well de�ned on [t0; T ] and x(t) 2 
 for every t from [t0; T ].Next, we show how we can calculate a point y 2 
 such that jx(T )� yj < ": Weassume that fi 2 V�
 for some � > 0, jujj � �j, j = 1; 2; : : : ;m, and kfik�
 � Cifor i = 0; 1; : : :;m. We set �0 := 1 andC := mXi=1 �iCi:



Let 0 < �1 < �. For every positive integer k we set h := (T � t0)=k andde�ne the points 0 = t0 < t1 < � � � < tk, where ti = t0 + ih. We choose k to besu�ciently large, so that the following relation holds true:4nhC� � �1 < 1:Next we choose a value for � > 1 such that the following inequality holds true:k� > 1" exp�4n2(T � t0)C(� � �1) � :At the end we determine the accuracy of the desirable local approximation bychoosing the positive integer ! to be so large thatn�2n(T � t0)C(� � �1) �! < 1 and nhC! � 2nhC� � �1�!�1 3k�+1 < 1:Since the trajectory x : [t0; T ]! Rn is well de�ned on [0; T ] and belongs to 
,we obtain according to Proposition 2 that jx(T )� zj < ", where z := zk and forevery i = 0; 1; : : : ; k� 1, zi+1 :== zi+!�1XN=1 Z ti+1ti Z �1ti Z �2ti : : :Z �N�1ti X�NX�N�1 : : :X�2X�1E(zi)d�Nd�N�1 : : : d�1:In [8] is studied the following control systems:���� _x1 = u_x2 = 3x21 juj � 1x(0) = (0; 0)All time-optimal controls are piecewise constant with at most two pieces. Theconstant controls u � 1 and u � �1 generate the lower boundaries of thereachable sets s ! (s; js3j), and s ! (s; js3j � s2), 0 � s � T , respectively. Thecontrols with us(t) = �1 for 0 � t � s and us(t) = �1 for s � t � T steer to thecurves of endpoints s ! (2s � T; 2s3 + (T � 2s)3) and s ! (2s � T; 2s3 + (T �2s)3 � (T � 2s)2), respectively.Figure 1 shows the approximate reachable set for the system at the momentt = 1 using �rst and second order terms in Volterra series. The timestep ish = �30.
0.2

0.4

0.6

0.8

1

–1 –0.5 0.5 1Fig. 1 First and second order terms



The exact reachable set is presented on Fig. 2, using also third order termsin Volterra series. It is enough to take timestep equal to 1 in this case.
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