Higher order approximations of affinely
controlled nonlinear systems

Nikolay Kirov and Mikhail Krastanov

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences
Acad. G. Bonchev str. bl.8, 1113 Sofia
nkirov@math.bas.bg, krast@math.bas.bg

Abstract. Annumerical approach for numerical approximation of trajectories
of a smooth affine control system is proposed under suitable assumptions.

This approach is based on expansion of solutions of systems of ordinary
differential equations (ODE) by Volterra series and allows to estimate the
distance between the obtained approximation and the true trajectory.

1 Introduction

To apply the traditional numerical schemes (such as Runge-Kutta schemes) of
higher order for approximation trajectories of nonlinear control systems is a
nontrivial task (cf. for example [4], [11] etc.) due to nonsmoothness of the control
functions. For the case of linear differential inclusions, this problem is studied in
[9]. There is proposed a numerical procedure based on a suitable approximation
of integrals of multivalued mappings (cf. for example [10]) and on the ideology
of algorithms with result verification (cf. for example [2]). Another approach for
approximating trajectories of affinelly controlled systems is proposed in [5] and
[6]. This approach is based on the expansion of the solution of the systems
of ordinary differential equations by Volterra series (cf. for example [7]). In
this note, combining this approach with the ideas developed in [9], we propose
a method for approximation of trajectories of analytic control systems with
guaranteed accuracy. We would like to point out that our approach can be
applied for general control systems that are smooth with respect to the phase
variables and continuous with respect to the control.

2 Systems of ODE and Volterra series.

First, we introduce briefly some notations and notions: For every point y =
(vt ..., y")T from R™ we set ||y|| :== Yi_; |¢¥'| and let B be the unit ball in
R™ (according to this norm) centered at the origin. Let C' denote the set of all
complex numbers, zy € R” and {2 be a convex compact neighbourhood of the
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point @g. If z € C, then by |z|, Re z and Im z we denote its norm, its real and
imaginary parts, respectively. Let ¢ > 0. We set 27 :=

{z=1(z1,...,20) €EC": (Rez1,...,Rezp) €2+ 0B, [Imz| <o, i=1,...,n}.

By Fg we denote the set of all real analytic functions defined on {2, such
that every ¢ € F7, has a bounded analytic extension ¢ on §29. We define a norm
in the set Fg as follows:

[oll% = sup {Ié(2)] : = € 27}

Let h(x) = (hi(z), ha(z), ..., ho(x))T, 2 € £2, be a vector field defined on £2.

As usually, we identify & with the corresponding differential operator

- 0

Let Vg be the set of all real analytic vector fields h defined on {2 such that every
hi,t=1,...,n, belongs to F7,. We define the following norm in Vg:

1ol = max ([[killg, i=1,...,n).

An integrable analytic vector field X;(z) = (X1 (¢, ), Xa(t, ), ..., X, (t, ),z €
£2,t € R (parameterized by t), is a map t — X; € V7, such that:
i) for every « € £2, the functions Xy (., z), Xa(-, z), ..., X,(+, #) are measurable;
ii) for every t € R and # € 2, |X;(¢,2)| < m(t), i = 1,2,...,n, where m is an
integrable (on every compact interval) function.

Further we shall consider only uniformly integrable vector fields X, i.e.

ta
/ || X+]|p = 0 whenever [ta —t1]| — 0.
t1

Let M be a compact set contained in the interior of {2 and containing the
point zp, and let X; be an integrable analytic vector field defined on {2. Then
there exists a real number T (M, X;) > o such that for every point z of M the
solution y(., #) of the differential equation

ylt,z) = Xe(y(t, 2)), ylto,z) =, (1)

is defined on the interval [to,T(M, X;)] and y(T,z) € §2 for every T from

[to, T(M)]. In this case we denote by exp ftf X¢dt : M — 2, the diffeomorphism
defined by

T
exp/ X dt (2) :=y(T, z).
to

According to proposition 2.1 from [1], T(M, X;) > tg can be chosen in such
a way that for every T, 0 < T < T(M, X;), for every point # from M and



for every function ¢ from Fg,, the following expansion of ¢ (exp ftf X, dt (J:))

holds true:
T T
X, d = exp X, d 2
(/)(exp /tu + t(x)) exp /tu ¢ dt ¢(x), (2)

where exp ftf X dt ¢(x) =

00 T Ty T2 TN—1
=¢(x)+ Z / / / / XenXenv_y o - X, Xr ¢(2)drndrn_y ... dmy.
Nt e St to

and the series is absolutely convergent. The proof of these identities is based on
the following estimate: for every positive real numbers o1 < o, for every point
z of M, for every function ¢ from Fg and for every points 7w, Tv—1, ..., T2, T1,
from [tg, 77, the following inequality holds true || X, ... X, X, 6]l <

< ! ( ) Xl 1Kl - 1 15 - Tl 3)

g — 01
This estimate implies the following technical lemma:

Lemma 1. Let M be a conver compact subset of £2, v € F3, Xy € Vg and
g < < <...<7, <T. We sel

LpTl,Tg,...,Tu = XTH .. ~X72X711/)

Then for every 0 < o1 < o and for every two points y1, y» of M the following
mequality holds true:

|W7'1,T27~~~77'u (yz) - Wﬁﬂ'mmy"u (y1)| S

< et 0 (G2 ) I Xl I 18- =l

Let the functions E; : 2, — R, i = 1,...,n, be defined as follows:
Ei(z1,...,2n) = 2zi. Weset B = (Fy,....B.)T, X4 B = (Xy By, ..., X4 E,)7.
Applying Lemma 1 we obtain that for every two points y; and y» from M the
following estimate holds true

| X7, X Xo E(ye) — Xo, o X Xo E(n)]| <

2n g g g g
<ot (2 ) U Il X e~ )

We use the estimate (4) to prove an existence criterion for exp ftz X, dt (x)
where z belongs to some compact set M:



Proposition 1. Let M and My be convex compact subsets of £2, ¢ > o1 > 0,
T > tg and w be a positive integer such that for every point x € M and for every
t € [to, T] the following relations hold true:

w

2n T
0 X, |5, d 1 .
<n(0—al/tu 26l ) < )
w—1 t 7_1 - —_—
x4+ Z/ / / / XenXenoy o - X Xo E(z)drydry -y .. .dmy
N=1"7to Jto to to

n 2n w-l ¢ ¢
— X% d -B M.
Y ([ wew o

Then expftf X¢ dt (x) is well defined for every point x € M. Moreover,
exp ftz X dt (x) € My for every point © € M and for every T from [to, T].

Proof. Let « be an arbitrary point from M. By C(My; [to, T]) we denote the set
of all continuous functions defined on [tg, 7] with values from the set M;. We
can define the following operator F' : C'(My; [to, T]) = C(M7y; [to, T]) as follows:
F(y)(r) = e+

w=1 r a1y 7 TN-1
> / / / . / XonXonoy o Xy Xo E(x)drydry_y ... dry+
Ne=1/to Jto Jto to

// / / _XTwXTw_l...XT2X71E(y(Tw))ddeTw_1...dTl,
to Jto Jitg to

Let || - ||¢ denote the usual uniform norm in C'(My; [to, T]), i.e.

lvlle = max{[ly(0)]| ¢ € [to, T1},

where y(t) = (y1(t),...,ya(¥))T, t € [to,T]. This operator is well defined on
C(Mjy; [to, T]). Let y1 and ya be arbitrary elements of C'(My; [to, 7]). Applying
the estimate (4), we obtain that

1F(y2) = Fy)lle = max{[[F(y2)(r) = Fy)(T)l| = 7 € [to, T]} <

S max{/ / / / ) ||XTwXTw—1 "'XT2X71E(y2(Tw)) -
to Jto to to

X Xr,_y ~~~X72X71E(y1(7'w))|| drpdry,_q...drn: 7€ [to,T]}
Mn w T T1 T2 Tw—1
< nw!
0 —01 to Jto Jto to
X e M3r, - XI5, - X5, - drwdmomy . dmlyz — plle =

w

2n T
:n( / ||Xs||7w1d5) lv2 = wlle = Lily2 — wille,
to

o — 01



where
W

2 T
L:n( " /||Xs||7wlds)
o — 01 to

Since 0 < L < 1, the differential operator F' is contractive. Applying the
Banach fixed point theorem we obtain that there exists an unique function ¥y
from C'(Mjy; [to, 7]) such that F(y) = y. The last relation means that y(¢) =
exp ftz X, dt (#). This completes the proof.

The next proposition helps us to estimate the global approximation error
using the local approximation error and motivates our approximation procedure.

Proposition 2. Let £ > 0, 0 > o1 > 0, exp ftf X dt (wg) is well defined and
expf;D X dt (xg) € 2 for every t € [to,T]. Let to <t1 < ...<tp =T,

m tig1 1 n M w-l it K
X% ds < = and X% d N
2 [ s <t 2 () ([ g ) < i

z

Then there exist compact subsets M; of £2 such that exp ftt; X dt (xg) belongs
toM;,:=0,1,...,k, and

[z 4 2 t;
e ey AT
o2 to

ke — 01

where diam M := max {||y2—y1||:yj = (y},...,y?)T eEM,j= 1,2}.

Proof. We set My := {ap} and define the sets M;, i =1,2,..., k— 1, as follows:
If M; is already defined, we set M1 := {F(z) : © € M;} N §2, where F(z) :=

w=1 tig1 T1 T2 TN-1
x + Z/ / / / XenXenoy o - X Xo E(z)drydry -y .. .dmy
Nt te Jty t;

w—1 ¢ w
n 2n i1
w\o—o01 ¢

We set yop = xp, Yiy1 = €xp ftt’“ Xe dt (y), i =1,2,...,k. It can be directly
verified that y; € M; and

ti
Yk = exp/ Xy dt (xo) € M.
to

Let us denote diam M; by d;. Clearly, dy = diam My = 0. Let us assume that
dip1 <||F(y2) — Fy1)|l + K/3k*, where y1, y» € M;. Then

n ' ' K
diy1 §Z|ylz—yl1| + ka%—i_

i=1



tit1

Xenwey oo Xy X E(y2)drydry_1 .. .d1y

i1
/ / / / Xen Xl o Xy Xp E(p))drvdry—y1 ... dmy| <
¢

N

w—1 m N 1 tit1
! _ g —
<ly2— y1||+ka+1+nZN (_) ¥ (/ ||Xs||nd5) vz =111 <

dn [t K
- 1 X5 d —.
Jow =l |1+ 2 [ I |+

Hence, we have proved that

dz+1§dl(1+6l)+A, t=0,1,.., k=1

bl

where A = K/k“t! and

477,2 tiga "
o= [T ds
t

g — 01

z

Applying theorem 1.7 (p. 182, [3]), we obtain that for every
di < exp | > 6 |id, i=1,2,.. .k

Substituting §; and A we complete the proof.

3 A computational procedure

Let us consider the following control system:

d m

El‘(t) :fo(x(t))+;ulfl($(t))’ l‘(O) = Zo, (7)
where the state variable x belongs to R", fo, fi, ..., fm are real analytic vector
functions and the admissible controls « = (u1,us, ..., uy) are the Lebesgue

integrable functions.

Let ¢ >0, 7 > 0 and u : [ty,7] — U be an admissible control. First, using
Proposition 1 we can find a positive real 7' (not greater than T) and a compact
subset {2 of R" containing the point xy such that the corresponding trajectory
z: [to,T] = R™ is well defined on [tg, T] and z(t) € §2 for every ¢ from [to, T].
Next, we show how we can calculate a point y € £2 such that |¢(T) — y| < e: We
assume that f; € Vg for some o > 0, |u;| <wv;, j=1,2,...,m, and || ;|| < C;
fore =0,1,...,m. We set vy :=1 and

C .= i I/Z'CZ
i=1



Let 0 < o1 < o. For every positive integer k we set h := (T — tg)/k and
define the points 0 = tg < t; < --- < tg, where #; = tg + th. We choose k to be
sufficiently large, so that the following relation holds true:

dnh(C

o — 01

<1

Next we choose a value for a > 1 such that the following inequality holds true:
1 An*(T —t
Fs L oxp (M) .
€ (0 —0o1)

At the end we determine the accuracy of the desirable local approximation by
choosing the positive integer w to be so large that

N (T —to)C <1 and nhC [ 2nhC
(0 —0o1) w

Since the trajectory « : [to,T] — R™ is well defined on [0, 7] and belongs to £2,
we obtain according to Proposition 2 that |z(7T) — z| < €, where z := z;; and for
every : =0,1,..., k=1, z41 :=

w—1 tit1 T1 T2 TN—-1
:ZH'Z / / / / XonXenoy oo - X X E(zi)drndry—y .. dry.
o1t te Jty t;

In [8] is studied the following control systems:

w—1
) 3k < 1.

g — 01

T =u lul <1

Ty = 327 z(0) = (0,0)
All time-optimal controls are piecewise constant with at most two pieces. The
constant controls u = 1 and u = —1 generate the lower boundaries of the

reachable sets s — (s, |s%|), and s — (s, |s?| — s?), 0 < s < T, respectively. The
controls with u;(¢) = £1 for 0 < ¢ < s and u;(¢) = F1 for s <t < T steer to the
curves of endpoints s — (25 — T, 23 + (T — 25)3) and s — (25 — T, 25> + (T —
25)3 — (T — 25)?), respectively.

Figure 1 shows the approximate reachable set for the system at the moment

= 1 using first and second order terms in Volterra series. The timestep is
T

[
h .
30

0.8]
% 0.6] E
%, oal &

g, 2] T o

Fig. 1 First and second order terms



The exact reachable set 1s presented on Fig. 2, using also third order terms
in Volterra series. It is enough to take timestep equal to 1 in this case.

0.8
- 0.6 E
". 0.44

03]

Fig. 2 The exact reachable set
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