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Abstrart.

A brial overview of lnangle and lalrabedral rnaabing algrilhne 8 premanioed. Also
mecludied momne: cornmenla aboul saroalhing, clan-up and refinanaent, procedura. Short,
descripliona of 213 and 31 mesh gemeradion codes, Triang s and QMG are givem.

We ume: Lhe slrmonline-diTusion vl clanend melhod for solving sonvoeclion dillTusion
boundary walued problans on irange and Lolmbedral meshes, An finplerneniadion wath
pocewing [inear inal unclionain MATLAB auvironmeml, ia premanded.

Twix Lyprem of rarnerical remulis il lustrades Lhe tnesh generators and Lhe finite alemneni solver
— boundary [ayera on Lhe unile aquare and unile cubea, and a cornplicadeod goomnmery domnain

n 3.

L. Aulornalic unslmuclured tnesh gemeoeradion
# Trangl: and leirabodral rneshing

# The: mnesh gualily

# Mexh posl-procssing

# Halinarnanl,

2. Triangle - 21) gqualily rnesh gmerador
3. omG - 31 rnesh gemerador
4. Finila alarneni, aolver

3. Problons solving
# 210 boundary layems probslans
# 31 problerna



Triangle and tetrahedral meashing

Octree

Crubsem gomlai ning L he geomneln e tnodel are recars vely mbdivided wlil Lhe desired resolution
in ressched . Irreppular colls are Lhem eredod whems eubsem inieraoel, the marface, Telrahedra are
gemeralad Mmorn bolh the irrggular ezl on the boondary and 1 he indemal repnlar cells,
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Advancing frant

The: fetrahedrm are buill, progresivel y inward fromn the trangnlaled marface. An aclive
framl, ia tnadn laimed where new Lolmbedra are frmed. As L he algorith i progreases, Lhe frond,
wi || adwaanee: 1o [l Lhe: remnaa nder of Lhe aroaa wilh irangla. Also roguired inlamoeelion checka
{ax emmure: Lhal, irian gl do nol, over lap as oppeeing Fonla advancs loward aach olher

Drelannay

The: 1De:lannay erileria: Any node sl nol be condained within Lhe circurnaphare of any
lalrahod e within Lhe tnesh.

Bixmh Lhe boundary of Lhe gonclry model Lo provide an inilial sal of nodes. The:
bemrndary nodem are Lhem dianguladod scoording Lo Lhe Delannay erilerion. Modos ane When
mmrled inerernenlal ly il the cxsling mah, redeliming the inangka or lelrahodm Lol y
an esech nerw node: I8 inmerled 1o radniain Lhe Delaonay eriderion.




tlead, o m:

# define nodes from a regular grid of poinia;

# tiondem bz rooummivel y inmerlad al Lrangle or lelmbedral eodrads;
# niodem al, elernenl, Grenrngirel: feircumnsphere ool ers;

# advancing Mmonl, approsch Lo node mserion;

o pornl. m=erlion along cds.
The mesh quality

T'he: agpact. yatio of 1 he Liang e or lalmbedron 38 Lhe lmpglh of 1he kmgest, ode: divided

h_}r 1.he: |::r|g1.h of Lhe shorlesl, awliiade:.

ar=2/v3a 115 ar=4
The: rinimnurn angl: 2, gwa a bound of 7 — 2 of maxitmumn angle and gnaranicoes an
ampreact, Tad o bedweem | L sin | and |2 sine).

=

A akinmy Lriangls will have a arcurnairele much lagger Lhan ila shorleal, odpe. Talrabedra
cant hawe: rougehly oqual length odges, a remonably sized croarnaphore, and yel be arbilrary
aleinmy.

Diﬂniﬁm. A Lelmfedral shrepe memswre i3 a conlinuous Manclion thal cwluales 1he
qualily of a lcirabodron. Womusl be nvaciand, onder Amanslalion, raation, refleciion and
unifirmn agaling of the lelrahedron. W mmsl be tnasitnumn for he regolar Lelmbodron and
il tnusl be tRinitnarn for a depgemerads lelrahoedron. Therea i no local tnasitmrn olhar 1 han
Lhe globsal masitmmn for a ragolar lclrabedron and Lhere i3 no kol mitimmm dher 1 han
Lhe glotsl mmitnumn for & depgenerade Lalmbedron, For he ey of conparison, i1 should
ez mzalead 163 Lhe Intem vl [l]? l];, and be L o 1he T:guhur fedrabedron and [ ot a d.::g:m:r:—ﬂ.::
Latrahedron .

A aapocl malio lanelion, delining by

_ E radius of inacribed sphore
= 6 lemplh ol lameal, cdue:

18 a Lelrahedral shap: tnoeemre: bul tnininurn di hedral angle 8 nol (according lolhadalinilion).




Mesh post-pracessing

Smaathing

STn-:J-cﬂ.hiTlgindud:m ATy rnelhiod Lhad .rI.EI.JuH1 ticade: loaadioma while Tn:-liT|1;-ﬂTﬁT|g1.h:: alernemt
commachivily.

B e, hoad s

# feplecien smoelfng — an inlamal nodes placed al Lhe averge lo@lion of any olher
nede: commectad 1o 1 by an odpe:

# spliniamiion-fesed sneatingoch niques tnaasure Lhe qualily of 1he smarrounding elemnaenis
lar a miade: and aldernpl 1o oplimiz: by cornpuling Lhe local gradiend, of Lhe clenent, qualily
wilh rempecl 1ax The node Lodion;

# phyienlly-fesed e fody — roporilion nodea using siomlaleoed physical ly basoed @ dmelion
aor repulsion fonce.

Cleanup

Clezarmags tnezbhods itnprowveLhe gualily of Lhe tneash by nakdng Lol change 161 he el ameami,
conmechivilien.

Topolamml impmove miend

In 210 — sirnple: disggomal mwaps,

In 31 — swapping lwo adjacen], inlerior lelrahodr sharmng Lhe saone G,

Topolemem! improve mend
T allernpl Lo oplimmize Lhe numbeor of cdgam sharing aaingla nodea (node degraa).

d



Heflnement

Kelinemnend, ::lTu:ﬁw:hr reduces Lhe Lol alarnent, sise.
Fege fdvention inwl vem splillang individual edges i Lhe inangoladion.

FPaind toseritan, — Lo inmerl aosngel: node al Lhe eenlroid of an exisling clemant, dividing

Lhe Lranpgd e inle 3 or lelrahoedron o 4.

A

Templnle — aapoo fic decornposmlion of 1he irange.
# decomnpos: a Irangle nlo 4 simndlar Lnang o by inserling & new node al cach of ila
e gz

# docornpos: Lelmbodron inlo 3 lelrahodm where cueh Tacs of 1he Lelrahedron has b

decornpomed inlao 4 similar Lianghks.

" —\
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Triangle
[J. H..Sh::'m:huk? {".iim:g'l':: Blellom Uniw:raﬁ._}r]

Triangleisa{-program fir 210 mesh gmeralion and conslmuelion of Delannay Loangulaion
and conslrained Delaaray Triawn g ladion.

Wlaan femdares:

# umr-spocifiod conslminla on angla and Lnangls arcas;

# unr-specifiod hola and congualies;

# um: ol o] sl brnalicla TTpAT e rodbsamlmems,

Triangle's inpul 18 a planar siragghl [ne graph (PS147) defined 1o be aoeolloglion of

werlics and scgmnenla, whare Lhe endpainla of overy acgemenl, are incloded 1 Lhe sl of
werlicem.

# unite squarse

4 X 0O 1
1 0.0 0.0 1
2 0.0 1.0 1
3 1.0 1.0 1
13 1.0 0.0 1
1 1
1 1 2 1
2 2 3 1
3 3 a 1
13 13 1 1
1]

oMz

[Slephan A, Vawsia, Comell Universiiy]

The: Qualily Memh Gemeralor [QWE) paclags: doca linile clamenl, mesh gemaradion it Lwo
and threcdinensions. The: pacheys: includin gromieine wmodefing safivere, (e eah geneneior
Mozl zmd sﬁmph: fimitle alerment solver. QMG conaisla of G0 MATLAB fanclion and use Lhe
scTi pling Gapabililic of MATLAB soflware pachage:.

The: QMG handles comnplicalad Lopalagy. The domain cn hawe: fefes and quite comnplex
wndervn! fovndnrisy,

Inpul dada hawe Lo be: preseniod o fomn of & brep. A brep 8 a gornalric objed Lhal, s
specifiod by Ha boundary Taca. All brops rmasl have Tel fownderies, 1.0 overy alaneand, of
the beundary sl bz aosubact of & Fnear alline: speace:.

Absel el |y, a brep 18 an acyclic dirochod gragh. Favery nodein Lhe graph slands lor a e
af Lhe brep. The lermn “lGace” rafom Low verles, adge or G, The inlerior of Lhe brop a also
conmidered a face. Fach of Lhes: Feen bas somne informadion associaod 10031 [Tor mslancs,
werlicem hawe: Lheat apacs coxordinalas associaled wilh Lhen). The ara of Lhe diraclod gragh
imdicals: boundary relalionabipa. For axamnple, an adpe Lhal ia bounded by fwo werlices has
arem 1o Lhome Lwo werlies 1o indicde Lhe boonding relation. A Tacal has ara 1o Lhe odpes

Lhal acl sa la boundary.



#® unite cube
£ brep
£33

M,
~

w0_0 (€ point (0.0 0.0 0.0) ) (1 ()
w0_1 (€ point (1.0 0.0 0.0) ») (1 ()
w0_2 (€ point (0.0 1.0 0.0) ») () ()
v0_3 (€ point (0.0 0.0 1.0) ») (1 ()
w0 4 (£ point (1.0 1.0 0.0) ») () ()
v0_5 (€ point (0.0 1.0 1.0 ») () ()
v0_6 (¢ point (1.0 0.0 1.0) ») (1 ()
w_7 (€ point (1.0 1.0 1.0) > () ()

e T e e e e N
L L U L U L

{

£ al 0 (] (v0_0 +0_1] ()
£ el 1 () (v0_0 w0_21 ()
< el 2 [)] (v0_0 +0_3) ()
< e1_3 () (v0_1 v0_4) ()
£ a1 4 (] (v0_1 v0_8) (]
£ al 5 (] (v0_2 +0_4] ()
£ el & () (v0_2 v0_5) ()
< el T [) (+0_3 w0_5) (]
£ el &8 ()] (v0_3 v0_8) ()
< al 9 [)] (v0_4 w0_7)] ()
£ al 10 (] (+0_5 +0_7] (]
£ al_11 () (v0_& w0_7) ()
)
<

< f2 0 () (el 0ael_1 a1 5 a1 31 ()

< f2_ 1 [) (el_7 el 10 e1_11 e1_8 1 (]

< f2 2 () (el 0el 4 a1 8 a1 21 ()

< f2 3 () (el 1 el 2 1.7 1 81 ()

< f2 4 (] (81 5 el 8 e1_10 el & 1 (]

< f2 5 (] (@1 381 4 8l1_11 a1 81 ()

)|

< [

< a3 0 () (£f2.0 £2 1 £2 2 £2 3 £2. 4 £2 5) () »
] ni1 >
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A finite alement salver

We: conmider 1he con veclion-diMTusion h-:mnd:-nr_}r il pruhh:m:

—diviagradw)+ b grade +oe= f 0 £,

o b i — Ay, MU e = 3L
The: alandard Galorkin formn moada:

Find sy wilh segplr, = syp much Lhal Tor cvery wg|p, = 10

afrep, v} = [aWrwg, Vg h+ (6. 5wg, vwa) + [orep,wp) =

= ([, )+ j;’ sprindy =: Uy ).

"'t acherne ia nol suilable in Lhe came when a8 snal | eornparad with & Theralore we
hawwez 163 add morne: slabilily lerna which are lor plecowiz: lingar Lrials Lhe ollowing one:

Ly vh  wR) = E Br(6 Va4 a6 Vet and Lfm) = z Arl f, 6V wer)r,
TET TeT

where ' i3 a lnangleHelrabodron of the b T, and $r 2 073 a wxr-chosen plocewing

comalani, ﬁ:ﬂr:{rm:h:r. OMem we =2l & = .ﬂ".l.'-n,-'"..__‘;f_' wheare 87 33 the are of Lhe ‘I.ﬁ:{ngh: T ooar

Sr = B ¥y, where Vo ia Lhe volumne of the falrahedron o
Them 1hez exguadion ia

alven von) + Xalren von) = Elv) + 4u[em )

The: fivate: elernent solwer presenis MATLAR procodura lor

# cremling goomeanc modela loe 210 and 31 dornains;
# neah gemeralion [wilh help of Triangle lor 210 and QMG For 310}
# crezding 8l Teas malnx and sol ving Lhe lnar ayslon;

# vimalisalion of d.I:JTI'IH.'-ITIH? rneahem and xslulions.



Example A.
W commider Lhe Tollowing boundary vl problem:

—fAutu=1 in 0,1, wufr=0,

where "8 Lhe boundary of unile square. When 2 38 soal |, Lhe solulion has boundary layer

on 1.
W creale: Bhiahkin mesh for sol ving Lhis problan.

7 L —2n 7

[ )
W
M

n
i

7 = Tnit {}? 2gln mp, s the nomnber of mesh poinia.
The: urile: square 8 divided of 3 domaina:
— fh s cmiral domnain |, [L — 29,1 — 29]3, where we have 1o place 25% of all & rnesh

peatia om he unile aquare;
— f1g: 4 subdomaing, cach ia [, | — 20)7, al the eonler of & squan: side. In this subdomnain

0% riosdem b Lox b prlavsed

— fla: 4 aquare [0, 7] subdomnaing, aach one haa a werlox, which coinciden with a aquar:

werle comlaina Z57% of all nodes.

7 | — 2 i

I Lhez eosarn plezs weez N Lhe paraenetam = 0.05 and 1he nomnber of mesh poinla & = 1059

Them wer can ol culade &

.
n=Zeh(Nij=cln¥, &= :]'n:, A QOOTL, &7 =5.1122 w 1),
Ti

Olher teah dype 18 crezlod [“apecial neah® ) an the following mla: al Lhe liml slep a
coarne Lrangulalion ia done, and al Lhe refinernend, slops a0 sise-fanelion

SrfLG, A0 Nl = M an adges)
ap =4 Spfd, il PN = 1 (& verlex)
297 ealme

in umed.



Example A. Shishkin mesh, n=1089 Example A. Solution, shishkin mesh, n=1089
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Example 1. Shishkin rnesh 31Y axamnple
We: commider Lhe Tollowing boundar y vahie problem:

—fAnt =1L in [0, l]', wpr=0,

wherea 1" 33 Lhe h-::und:-i.r_}r of unile: 313 cubse:. Whem £ 33 stnall . L.he: malulion has h-::und:—ur_}r |:-u_g|.r::r
on 1"

The unite: cubsez 1n divided of 4 dirnains:

— Tl acamlmal domnain | [1— 21— 20)* whore we bave 1o place 18 of all & 313 mesh
peaTiA;

— IX: 6 squar: priamn subdornains, cach has a face [, 1 — 290 al Lhe emier of & cabe e
and 1hird dirnension . There we should plac: 116 nodeos;

— f3y 12 square prian subdornaing, auch baa an odpe (9,1 — 2], al the emier of & ook
odps: and simc g X g x| — 2 In Lhis mbdomain | /32 nodes hae Lo be plased;

— fl 8 cube [0, g]* subdornaing, cch one has a verles, which coincides with a ool

werles comlaina LG parl of all nodes,
H. ledl lewwa 1 hzd, 1he dislribation of Lhe nodies should be:

Fh 125% M TSR M. 3T5W A 125%.

The: dislribulion of nodaa [in the mesh gemeralion slep ) can be cordrol lod by st anelion

a5 R’
Lid  m ih
= 2 _ s mik
R L ! T LG i fh
;l;lumgn (|£’ N §| *t3- ”) +3 /32 i B,
W fix Lhe paramnaler g =0.1. 7= E£|T|[H.1-‘|} — %ElTI N, ez = ﬁl =,

For ¥ = 6533, e 00171, 2% = 29157 10, we have: 30528 lelmbedra, 3 963 indamal
nisdem, 2570 boundary nodes, 49 135 nonsero malnis clernends, 210 toin saludion Lime.
Isln bulion of Lhe nodea o subdomnains ia: fh 3.6%, £ 329%, . 432%, 4 15359,

And Lhe: tnasitnal molulion vl = 1035

For W =46 161, gre Q0L140, &= L9J0T. 107,46 161 nodem, 244 234 e rmhedra, 35 557
irlernal noden, 497 LTY nonzero malrix clanenla, § houra solulion 1ime.
INslrbution of Lhe nodoes 0o subdomnans: 74 9.0%, A5 35.8%, 74 374%, L 1735

and the rnasirnal solulion wluez 13 1024

Ll



0.55, 46161 nodes

Intersection mesh and plane z

Shishkin mesh, 6533 nodes
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0.95, 46161 nodes

Solution, z:

0.95, 46161 nodes

The mesh intersects the plane z
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Example 5.
—zhn 4+ Vet o=

an utile: sguare and 1irichla, boundary conditions, wr =10.

| —a [ —
T he: exxact aalulion is 'I'II:.I!? y}: aFyr (l — Ny (— < J)) (l — N (— I.I')) )

&

nght hand side can b calouladed nm T 1he Manciion .

C(E( L ()= (A, m, e

2 2 2 2

There: are: boundary layers ol @ = | and g = | boundary. The: Lhicknoma of Lhe boundary
layrera 3 g = mminfzln ¥, 1}

2— 2 -
We: deline acornpariaon fanclion vgle, )= oy (I. — (— < J)) (l — exmpa (—Ty)) .

Them we lenlale righl, hand side [Tundion ) and boundary condilions |

A “apocial teah® 18 erealod 10 dhe ol lwing rales: Al bhe Gl slep Lhe anile aquare 1=
divided by 16 ogual squares and al Lhe nesd refinenend, sleps a sige-lanclion 8 used. Any
Iriane wilh cxacl | verlax al Lhe boundary & = 1 oor g = | 8 splil by 4 bul any Lriangl:
wilh 2 werlexes al the boundary I8 sphl. by 16, Faery alher frianglk: may splil only 1o ke
memh conaialani.

There: 8 a Sgnificant, correlaion belween Lhe exllicied, & and Lhe crom (&7 = EST).
The: bl vz 78 .03,

Errars.
L, 2 bz Lhe esaacl solulion fanclion and F be the solulion oblamed 0 the comrend,
Hemadion, 1 the values 8; = 00} ane known al avery poanl, 54, which 8 & temh node:

ff=1,....m)

L. Abmolule error (g arror}: g, = \JE[“[H} — ;)9

adive arror: = Fabr = Thaluly) — )
2. Helal; i E__L:l u“ﬂ’ J E:}:‘ 'rll:.’ﬂg )
3. Inlegral arrar [Ffg arror):
= [ (o, 5) — 5o, gy = 3 (i, 5) — e, )y

TeT

L L L L
% o (6utrm) = Sta 4 m)Y '+ (80} = S5+ W) + () — S+ 5V S,
Te T 3 2 2 2
where 4 = 1P+ 14), Sria the anoaoof

4. Maximnal crror (ke armor ) dpee = Tra [re[ F5) — 4]
=11

L3



Tables coniain:
nesde: b, s,

Hegular tnemh

]

145
1085
L Y L
18841

1.73Tetl
3. 588e+0]
2.110e+01
1.033e+01
4.183et{H}

Perd  Ting

.94 Tetd]
1.(43eH}]
2.074e+00
4. 957a 01
5.82 102

Shishkin rnemh =30 L

1088 7.834e+0]1 5.381e+d0

Sprecial Tneah

25
f3
ir1
470
1088
2573
G818

2.7 2001
3.308e+01
2.110e+01]
8. G88erd ()
3.907a+ 00
3.T788e+00
3.113ek )

3.108=+01
1.171atdl
3. 0588et0 0
T.314a01
2. WhEe—]
1. 230e01
. 58002

T s

5.17T4eH}1
2. B8 e
1.5053e01
1.150e—02
1.MBe03

8 .3He—01

201841
2. BX5erHM
4 . MiZ2e— 31
1. 43 0e—02
1.810e—03
3 . 850e— 4
1.887a—M

1. T3 ret0l
1.857a+ 0]
&, 105e+ 00
1. 585ed ()
. 88501

8. 07 et 00

1.7 let 0]
1. BfSet0]
8. 980 [}
1. 87 5et00
8. 25Te—01
3. 803e—01
2. 5T8a—01

The: miezsd, {abslem premend Lhe: conpanison Manclion amors.

Hegular tnemh

=]

145
1085
L Y L
16641

4.578=—03
3.911e—03
2.835e—03
1.252e—03
4.8Me—04

3.884=—03
5.43Ta—04
2.541e04
5.7T32a05
1.072a05

Shishkin mesh p=3.5 % 10—*

188 2.106e—02 5.842=04

Spu:i:—d tnezah

25
i
ir1
470
1088
2573
G818

2.02Me—03
5. 5ade—2
T . 180a—02
5.5 e 02
1.108e—01
1.173=—101
1.570a—01

1.080=—03
1.43Te02
B.825e03
f.5883e—03
5.034e—03
3.338=03
2.883e03

1.3 03
8. T23e 07
2.21808
1.3 e 05
8.0T4a—11

B.X¥rla0T

8.1459=05
T.475a05
. 852 e 05
. 45505
f.48]1 05
5.818=05
5.818e—05

L4

4, 573203
8. 088e—
3.58Te—
8. ¥Tre—05
1.8233e—05

3. 7803

1. 483=—03
2. 85050
2. H3e— 02
2. 128e— 02
2.131e—02
1.82Te—02
1.8Fre—02



Integral error

Example 3. The function |u-u0| Example 3. Special mesh, 2573 nodes
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Example 3. Solution, special mesh, 6616 nodes Example 3. Solution, special mesh, 6616 nodes
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Example 4. Cornplicaloed dornain problerna in 310

—divipgrad g =0 on {1 A,

wilh Iirichled boundary conditions

'l;blm{jl:xn] = EUF

e lhe boundary condilion is a lincar fanelion m the direclion z and a consland, in 1he
diroctions @ and g

The: dornzan £ commala of lwo parla o C 3 T << Fand $1 80

.= 2.5 in il
P10 i iR

Came L. £21= [0, 1", £t = (0.5,0.5) + [0,0.05]"

Came: 2. £ = [—6060]F % [0, 120], = ([=31,319Y[—29,29]%) « [57.5,62.5].

Came: 3. Ledl 2 be Lhe: unile: LGgome. Then £ = 1202 x [—60,60),
iy = (B2E)\(G8E) x [-2.5,2.4].

Case 1. Cube domain with a small cube Case 2. Cube domain with a canal
120
iy 100
0.8 \ 80
0.6+ 60
\ 40
0.4+
1 20
0.2+
0
0 0.5 50
N
0 0 0
0.5
4 0 50 -50

LG
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Case 4. 16-gon prism with a canal
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S /
50 100
-100 _50 0
-100

Case 1. The plane z=0.511 intersects the mesh, 347 nodes
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Case 1. Solution, z=0.511, x—projection, 2451 nodes

N 0.51F
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Case 4. 8-gon prism with a canal and 8 bumps
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Case 1. Solution, z=0.511, x—projection, 347 nodes
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Case 1. Solution, z=0.511, x—projection, 18581 nodes
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u-u

vimal iz L he: “di Mememee®™ 0 — i = wla, gy, 2) — =

0.008

0.006
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-0.002

-0.004

-0.006

—-0.008

-0.01

90

In order 1o present, inlerseelion of Lhe solalion v and & plane @ =conal, we culoolale and

Case 1. Difference, x=0.5111, y—projection, 18581 nodes
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Case 2. Canal surface triangulation
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Case 1. Difference, x=0.5111, z—projection, 18581 nodes
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Case 2. Solution, z=60.51, x—projection, 9500 nodes




0, y—projection, 9500 nodes

Case 2. Difference, x:

0, 9500 nodes

Case 2. Difference, x:
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=30.11, 9500 nodes

Case 2. Difference, x:

0, z—projection, 9500 nodes

Case 2. Difference, x
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30.11, z—projection, 9500 nodes

Case 2. Difference, x:

30.11, y—projection, 9500 nodes
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