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1 Ajgropurmn

1.1 Jlunme Ha MHOTOBI'bJIHUK

HI/IHGTO Ha HM3II'bKHaJI MHOI'OBI'bBJIHUK MOZKE Ja Ce HalVIepI/I, KaTO MHOI'OBbI'bJIHUKDBT C€
pasiaenn Ha TPUWBLIbJIHAIN U ce ¢hOepaT Juiara Ha OTAEJTHUTE TPUbIbLJIHUIM. AKO HU €
JaJieH U3IIbKHAJIAAT MHOMOBIbIHUK AjAs...A,, TO mmiero e abcoroTHaTa CTORHOCT Ha,
nuspasa:

Ltz wn A R
2 T2 Yo r3 Y3 1 U
Axko pazgeaum nponsBosied N-bIbaHuK Aj As.. An Ha Tpubrbiaanmy AA; As Az, AA1 A3 Ay,
AAA4As, ..., AAJAN_1 AN B TOIHO B TO3U HMOPSAIBK UM CMETHEM OPHUEHTHPAHUTE JIUIA
upes3 Cross Product, e KoOMIIEHCHpaMe HEN3IIbKHAINTE YIACTBIIN U IIIe Oy IUM TOIHOTO
JINATIE:

1 - - - - . -
SAlAg..AN - §.|A1A2XA1A3 + A1A3XA1A4 + ...+ AlAN_lelAN|

1.2 N3nbkKHaJa 00OBUBKA

N3nbkHamaTa 0OBUBKa 3a J1a/IeHO MHOXKECTBO OT TOYKU P e M3I'bKHAJ MHOTObI'bJIHUK C
MUHUMAJIHO JINIE, KOWTO ChIbp:Ka M3IAJI0 MHOKecTBOTO P. OT nedwuHuUIMATa ClIe/IBa,
Ye BbPXOBETE HA U3I'bKHAJNS MHOTOBI'bJIHUK Ca TOYKH OT MHOXKECTBOTO P.

C'bIHeCTByBaT pPa3anvdHu aJICOPUTMU 3a HaMHpPaHe Ha U3II'bKHaJIaTa O6BI/IBKa, KOHUTO KaTo
IAJI0 HE Ce pa3jindaBaT MHOI'O 110 uAed MJIA CJIOZKHOCT.

Hausen moaxon

1. Mzbupame OT MHOKECTBOTO TOUKHU Ta3U, KOATO UMa Haii-Masika X KoopanHata. AKO
“Ma HAKOJIKO TaKUBa, n3dmpame Ta3u ¢ Hail-masika Y koopaunara. Heka ta3m Touka
e S. S ¢hC CUT'YPHOCT € OT OOBHUBKATA.



2. Bzumame IIPOU3BOJIHa TOYKa OT OCTaHaJIUuTe (HeKa Ta3M TOYKa € T)

3. ObxoxkaaMe ocTaHAJINTE TOYKU P, M aKo TeKyIara TOYKa e OT JSCHO Ha IpaBaTa
ST, P, craa T (T:=F)).

4. Taxa mHamepenata mpasa ST e oT 0OBEBKaTa, 3aII0TO OT JISICHO Ha Hes HIMa JPYTH
TOYKH.

5. IloBrapsime cTbuku 1-4, KaTo TO3W I'bT M300pa Ha S € pa3jndeH - m3bupame 3a S
ocJ1e1HO HaMepeHoTo T.

6. AIropuThbMbT TPOIb/IZKABA JIOKATO HE MOJIYIUM 3aTBOPEH MOJUToH T.e. T chBIaHe
¢ I'bPBOHAYAJHO M3OpaHaTa TOYKA S, Thil KATO HAMEPEHNTE TOYKH OT OOBMBKATA
ca B IIOPA/bKa, B KOWTO ce cpelaT 110 N3II'bKHAJINA IIOJIUTOH.

Cnoxknocrra Ha anropurbma e O(n?), Kbaero n e 6poaT Ha TOYKHTE.

CwolinecTByBaT aJropuT™Mu, KOUTO HAMUpAT OOBUBKaTa J0cTa 1M0-0bp30. Ejaun ot Haii-
Obp3uTe U HEe 0COOEHO TPYJIEH 3a peasn3alusd e Thil napedenusat Graham Scan. Toii ce
CbCTOU B CJIEJIHOTO:

1. Nzbupame ToukaTa, KosATO nMa Haii-mMajka X koopjuHata. Heka Td e S.

2. Coprupame ocTaHAJATE TOYKH CIPSIMO S, TakKa e TOYKa P i Ja e OT JIIBO Ha
npapata SP; . ToBa ce peajim3upa Karo IIpU COPTUPOBKATa pa3MeHsIMe MecTaTa Ha,
P, u P; ako OpHeHTHPAHOTO JHIle Ha Tpubl'bjHuKa SP;P; e orpunarenno. Cren
pa3MsgHaTa TOBa JIUIIE Ie € TOJ0KUTETHO.

3. /lobaBsime S m mrbpBaTa TOYKa OT COpTUpAHATA IMOCIEI0BATETHOCT B MHOYKECTBOTO
Ha TOYKUTE OT 0OBUBKaTa (T€3W JiBe TOYKU BHHAI'M ca OT oOBUBKaTa). Haii-ymobHo
€ TOBa MHOXKECTBO JIa CE€ peajin3upa CbhbC CTEK, TaKa 4Ye BUHATHU Jia 3HAEM TOUYKHUTE
Ha Bbpxa My. TOUKHTEe B CTEKa BbHB BCEKU €JIMH MOMEHT IIe OIMCBAT HM3IIbKHAJ
KOHTYD, KOWTO He € 33/ /b/RKUTETHO Jla € OT OOBUBKaTa. B Kpas Ha aJropurTbma
cTeKa Ie CbIbprKa BCUYKU TOYKH OT OOBUBKaTa B IOpsi/IbKa, B KONTO ce cpemar
[0 UBIIbKHAJINS TOJUTOH (OOBUBKATa), ¢ HadaJHA TOYKA S U MMOCOKa O0OpaTHA HA
YaCOBHUKOBATa CTPEJIKA.

4. Heka gBere TOYKM Ha BbpXa Ha cTeKa ca ca Po,gu P.,q_1.

5. Bsmmame nopennaTa ToUka oT copTHpaHuTe (HeKa T € A).
- Ako e or mosioxKuTEIHA cTpaHa Ha npaBarta P,,q_1 .4, TO T 3ama3Ba N3II'LKHAIOCTTA.
JlobaBsiMe s1 Ha Bbpxa Ha CTEKA.
- Ako e or orpunarenHara crpaia Ha npasata P,,q_1P,,q, TO T HapylIaBa U3II'bKHAIOCTTA,
1 3a Ja IIoIIPpaBUM TOBa, U3TPpUBaMe€ TOYKaTa Ha BbpPXa Ha CTEKa, JOKaTO U3II'bKHaJIOCTTa
porbizkaBa j1a Obiae Hapymasana. Ciesr ToBa jgobaBsime A B cTeka.

6. Ciesr 0OX0XKTAHETO HA BCHUYKHM TOYKHM, TOUYKHTE OT OOBHBKATA IE Ce HAMUPAT B
CTEKA.



Ako mMame TOYKH, KOUTO JieKaT Ha €JIHA [paBa ¢ T.5, TO MMaMe OCHOBaHHUE [
cMsTaMe, de TO3W ajJrOpUTbhbM HsiMa Jia paboru. [IbpBOTO HeEIo, 3a KOETO ce cemame,
CJIeJ] KaTo CMe ce COIbCKAIM C TO3U MPODJIeM, € MPU COPTHPAHETO aKO CPEITHEeM JIBe
toukn P; n P, Takusa de S,F;,P; ca Kosmneapnu, mo-6ju3KaTa J10 S TO4Ka Ja ¢ I'bpBa B
COpTUpaHaTa, MOCIe0BaTETHOCT. ToBa obatue OCBEH M3JIUINHU OIEPAINN, B HAKOM cirydan
ce OKa3Ba M BOJIEIIO JI0 TPEITHO pererre. AKO CH JlajeM CMeTKa 3a JefiCTBHeTO Ha
aJITOPUTHhMa e HU CTaHe siICHO,9Ie HsAMa CMUCHJI Jla CPABHsIBAME BCUYKU JIBOWKU TOUKH,
JIeXKallli Ha eJIHa IpaBa ¢ HadaJHaTa T.S, a caMo 3a TOUYKHTE B HAYAJIOTO U B Kpas Ha
coprupanarta mocsenoparesHoct (Toukn 1,2 u roukn 8,9 Ha durypara o mouy). Toukure,
KOUTO Ce HAMHpAT Ha €/iHa IIpaBa C HadajHaTa S W IIbpBaTa TOYKA OT COPTHpPAHATA
nocJjieioBaTesiHoCT (Touku 1,2 Ha durypara 1o J1o/1y) , TpabBa Jia ce COPTUPAT B HAPACTBAII
peJl CHpsiMO PA3CTOSTHUETO OT TAX JIO S, a TOYKUTE, JIeKAIM Ha ejHa mpasa ¢ S u
HOCJIEJIHATA TOUKA OT COPTHPAHATA MOC/IeI0BaTeIHOCT (TouKE 8,9 0T hurypara 1o J0J1y)
- B HaMaJldBalll PE. HO TO3U Ha4YMH HAMa Jda U3IIYCHEM Jla HaMEpUM TOYKMH, KOUTO Ca OT
0oOBUBKaTA.

C102KHOCTTA HA AJITOPUTHMA BCBHITHOCT 3aBUCH OT CJOXKHOCTTA Ha COPTHPAHETO Thil KATO
cJIeJl Hero Besika TOYKa e Jo0aBeHa M IpeMaxHaTa Haii-MHOI'O BEJIHbIK OT CTEeKa, KOeTo
BOJIM JIO0 JIMHEIHA aMOPTH3MpaHa CJIOKHOCT. [Ipu jnobpa peasmsalist HA COPTHPAHETO
asiropuTbMa uma ciaozkaoct O(nlogn). CblnecTByBaT MHOTO JPYTH aJIOPUTME 32 HAMUDAHEe
Ha M3I'bKHAJIA OOBUBKA, HO THil KATO € JIOKA3aHO, Ye caMusT IPOOJIeM Ce CBbP3Ba CbC
copTupaHe Ha TOYKHUTE, TO CJIOXKHOCTTA Ha KO Jla € aaropuTbM He 6 Moria ja Obje
no-masika or O(nlogn).

IToaxon "pazaensii u Baagei"

BbB Bpb3Ka ¢ pa3BUTHETO Ha MYJITHIIPOIIECOPHUTE CUCTEMU M MYJITUHHUIITKOBOTO ITPOrPpaMUpaHe
€ Ba2KHO Jla C€ IIO3HaBaT TEeXHHUKHM, KOUTO MOraT Jda Ce IIPUJI02KaT Ha TaKWuBa CHUCTEMU.
Enua cbBceM TpuBHMAIEH MMOJIXOJ, W3IOJI3BAIl TeXHUKaTa "pasdesst u eaadei”, e nma
pasziesinM MHOYKECTBOTO OT TOYKM Ha JBE IOJMHOXKECTBA, BCSIKO OT KOUTO C€ HaMHPa

B eJHa II0JIypaBHUHA CIIPSIMO IIPOM3BOJIHO M30paHa pasjesiia IIpaBa, Jia ce HaMepu
0OBUBKaTa Ha BCAKO OT Te3M MHOXKECTBA U CJIEJ TOBA IBETE OOBUBKHU Ja Ce O0EIUHIT

B eana. CaMoTo obeuHsIBaHe € CPABHUTEIHO JIECHO 3a PeaI3allys:
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e CBbp3BaMe ¢ JIBe OTCEYKH Hail-JsiBaTa TOYKa OT JASICHOTO ITOAMHOXKECTBO U Haii-
JIICHATa TOYKa OT JIABOTO IIOJAMHOXKECTBO. AKO O3HAaYMM OOBUBKaTa Ha JIABOTO
ITOJIMHOKeCTBO ¢ H, oOBUBKaTa Ha JSICHOTO ¢ Hy 1 OTCEUKUTE C S1 U So, TO HOJIydaBaMe
0o0eIMHEHNeTO Ha Te3HW eJIeMEeHTH, KaTO I'M CBbPKeM B CJieIHus HopaabK: Hi U s; U
H2 U S9.

e OQueBuIHO, cj1e]] 00 IMHABAHETO, OKOJIO KPauIlaTa Ha OTCEYKATE MOTaT JIa Ce OJIYJaT
HEM3I'bKHAJIM YIaCTbIM. 3aTOBA N3TPUBAME BCUYKN TOYKH, KOUTO HAPYIIABAT U3II'bKHAJIOCTTA.
Ba Ja ce peasmsupa ObpP30 olepalysaTa N3TPUBAHE, IOJXOIAIIA 3a UIIOI3BaHE CTPYKTYPa
€ JIBOIHO CBbp3aHusdT ciucbhbK. ChINo Taka He € HeOOXOAUMO Jia ce 00XOXKIa IeJInsl
CIINCDBK, 34 JIa ¢e HAMEPAT TOUYKHUTE, HAapyIlaBally U3I'LKHAJIOCTTA, a € JOCTATHLIHO
Jla ce IIpaBU IIPOBEPKA 3a KPAUIIATA HA OTCEUKUTE S| U Sg, KATO IIPU BCIKO U3TPUBAHE
Te3W KPauIara ce MpoOMeHAT (BUK josiHaTa (urypa).

Pasbupa ce, 3a HamMupaHeTo Ha OOBUBKATa HA BCAKO OT JIBETE MOJIMHOXKECTBA MOXKE J1a
ce TMPUJIOXKHU ChIMUST METOJI, KaTO BCIKO OT TSX C€ pasJen Ha OIle JIBe MOJIMHOXKECTBA.
MozkeM J1a TpoTbizKaBaMe TaKa peKYPCUBHO, KATO 3a JTHbHO HA PEKYPCUITa UMaMe CJIETHUTE
CbOOPaYKEHN:

e OOBHMBKaTa Ha TOYKA € caMaTa TOYKA.
e OO6BuBKaTa Ha JAB€ TOYKHU Ca JABa IIPOTHUBOIIOJI2ZKHU BEKTOPa, OIIpeae/JIEeH OT TOYKHTE.

e OOBuBKaTa Ha TpUu TOYKU € TPUBI'bJIHUK C BbPXOBE TE3U TOYKMU.

1.3 BsamMHO 10/I02k€HUE€ HA TOYKA U 00E€KTU B PABHUHATA

OcHoBeH pobJIeM B M3YHUCIATETHATA N€OMETPHsI, KONTO ce HaMUpa B MHOT'O ITPAKTUIECKH
NPUJIOZKEHHUSI, € JIa Ce OIIPeIe/IH JIAJIH Ja/IeHa TOUKa JIEXKHU B JIaJIeH reoMeTpryen 00ekT(burypa).
[Ile pasrie/iamMe HIKOW OT OCHOBHHUTE ITOJIOYKEHUS:

e Bzanmpo mosiozkenne Ha TOYKa 1 TPUBI'bJIHUK.

[TpousBosaa Touka OJiexku BbB BbrpermHocTTa Ha AABC Torasa m camo Torasa,



KOTaTO BbIPOCHATA TOUKA Ce HaMIpa OT eJHa U Cbllla cTpaHa Ha Bektopute AB, BC, C A
win na sexropure AC, OB, BA. JlokasaTecTBoro Ha T031 BaKT e 0UeBHIHO: AKO
TOYKATA Ce HAMUPa OT OOpaTHATa CTPpaHa HA HIKOs OT CTPAHUTE, TO TS € B PA3/INTIHA
[IOJIyPABHUHA CIIPSIMO TPU'bI'bJIHIKA U HAMa KaK Jia € BbB BbLTPEIITHOCTTA, MY.
NnmmiemenTarusTa usiodsa Cross Product 3a jia onpejiesin moJI0yKEHNETO Ha TOUKATA
CIIPSIMO BCSAKA OT CTpaHuTe. /pyT Bb3MOXKEH HAUNH 38 OCHINECTBIABAHE HA IIPOBEPKATA

e ma cpaBuuM cymata ot Jjmnara AAOB + ABOC + ACOA ¢ munero na AABC.
Axo ca pasuu, To Touka () e BbB BbTpeliHoCcTTa uan 1mo Koutypa Ha AABC. B
npotuseH ciay4dait Touka O e m3sba AABC.

e Bzanmuo mosiozkeHne Ha TOYKa U U3IIbKHAJ MHOIOBI'bJIHUK.

FOpHOTO TBBPAECHUE MO2KE J[a CE 06061111/1 38 BCEKU M3IIbKHAJI N-bI'bJIHUK.

e BszauMmHO moJioKeHne Ha TOYKa U OOII MHOTO'bI'bJIHUK.
JlokazaTesicTBaTa HA TOPHUTE TBBP/ICHUS CE OTIOBaBa Ha (PaKTa, Ye KOraTO MHOTO'bI"bJIHUK
€ U3I'bKHAJI, BCAKA CcJIej[Ballla CTpaHa ce HaMUPa B €JIHa 0Ty PaBHIHA ¢ MHOTO'bI'bJTHUKA,
KaTO UMaMe IPEeJIX0IHATa CTPpaHa 3a ceKyla. KoraTo craBa BbIIPOC 3a O0I MHOTObI'bJIHUK,
TBBP/ICHUETO He € BAPHO.
[TonxobT 3a pernaBane Ha TO3U TPOOJIEM € CJIEIHUAT:

1. Crpoum orcetka ¢ Kpauiia BbIIPOCHATA TOYKA U TOYKA, 38 KOSITO CM€ CUTYDHH,
9e € U3BbH MHOTOBI'bJIHUKA (HAIPUMED TOYKA C KOODJUHATH, [O-TOJIEMH OT
KOODJIMHATUTE HA BCUYKHM TOYKU) WM €JUH BHJ[ JI'bd C HAYAJIO BHIPOCHATA
TOYKA U [IPOU3BOJIHA TIOCOKA (38 yJIeCHEHHEe YeCTO ce N30Upa JI'bd, ePIIEH UK YJISPEH
Ha abcrucara Wil Ha Op/MHATATA).

2. Axo To3m JIbd Ipecuva geTeH Opoii CTpaHu HA MHOTO'bI'bJIHUKA, TO BbIIPOCHATA
TOYKa € BbHIITHA.

3. Axko T03mM )B4 Ipecuva HevueTeH Opoit CTPaHN HA MHOTO'bI'bJTHUKA, TO BBIIPOCHATA,
TOYKATa € BLTPEeIIHA.

4. Axo jrpda MUHaBa ITPE3 BP'bX Ha MHOTO'bI'b/IHIKA OPOMM TOBa 3a e/Ha IPeceveHa
CTpaHa, KOraTo IIPeJNIIHATA U CICIBAIIATa TOYKa Ha TO3U BPbX Ca OT PAa3JIUIHA
CTPaHU Ha JI'b4a U 32 JB€ IIPeCceUYeHN CTPaHn, KOraTo IpeJUIIHaTa U CAeIBaIaTa
TOYKa Ha BbPXa Ca OT €JiHa U CbhIla CTpaHa Ha JIbYa.

5. AKO HSIKOSI OT CTPAHUTE Ha MHOTObI'bJIHUKA JICXKH HA JI'b4a, TO OPOMM TOBa 3a
eJlHa IIpecevHa TOYKa aKo IIPEAUIIHATA U CICABAIIATa CTPAaHa Ca OT Pa3/IndHU
CTpaHu Ha Jibda. B npoTruBen cjydail ro OpouM 3a 2 MpecevHn TOYKH.

Camu MOXKeTe Jia ce yBepuTe B TOBa KaTO paslvie/laTe HIKOJIKO POCTU IPUMepa 1
3a0esIezKNTe, Y€ aKO HAJaJI0TO Ha JIbda € BbTPEe B MHOTOBI'bJIHIKA, TO 32 Ja M3JIe3€
HaBbH TpsAOBa Jia Ipecede HedeTeH OpOoit cTpaHu.

e Bzanmpo moJsioxkenne Ha TOYKa 1 KpPbI.

OKp’b}KHOCT C HEHTBD On paauyc r € reOMETPUIHO MACTO Ha TOYKU Ha Pa3CTOAHUE



r or O. Kpbrbr, olpeiesien oT Ta3u OKPbKHOCT, € T€OMETPUYHO MSACTO Ha TOYKU
Ha pacTOSHHUE [TO-MaJIKO Wau paBHO Ha 7 oT O.
CirenoBaresiHo 3a najieHa TO4YKa A:

1. A nexxu u3BBbH Kpbra TOTaBa U caMo Torasa, Koratro OA > r.
2. A yexxu Ha OKPBHYKHOCTTA TOTaBa U caMo Torasa, korato OA = r.

3. A nexu BbTpe B Kpbra TOraBa u camo torasa, korato AQ < r.

1.4 2D gbpBeta

2D nbpBetara mpejicTaBagBaT e(EeKTHUBEH METOJI 3a ThbPCEHEe B paBHWHATA. Bcekn BPbX
B JbPBOTO MMa 4 BPB3KU KbM IOJJIbPBETa, KATO BCAKO OT TAX CbIbpP:Ka TOUYKHUTE B
CHOTBETHHS KBaJPAHT CIPsIMO TOYKATa B TeKyIWsd BPbX. ledunnnuara e pekypcuBHA
3a noJrbpBeTaTa. Heobxommmo e cbIno ga ce jpeduHUpPa B KO KBaJPAHT JIeyKaT TOIKUTE
KOWTO Ce HaMUpaT Ha IpaHullaTa MeXKy JBa KBaJpaHTa. KaTo 1si0 Te3m abpBera ca
aHaJIoOl' Ha JIBOMYHUTE JIbpBeTa 3a ThpCEeHEe Ha 4YhCaa 110 YUcIoBaTa OC, HO TYK cTaBa
BBIIPOC 32 TOYKU B PaBHUHATA (IIPOCTPAHTBO C €IHO u3Mepenue mnoseue). Karo anaor Ha
JIBOMYHUTE TbPBETA, TO HACEIIBA BCUIKN HETOBH XyOaBu 1 jromn cBoiicTBa. Omeparunre
3a BM'bKBaHE U IPeTbPCBaHe UMAT JIOTAPUTMUIHA CJIOYKHOCT, HO B MHOTO CJIyYal JTbPBOTO
ce HyxKgae oT Oasiancupane. CbIO Taka MpHU MOBeYe MPA3HU BPH3KH, 1€ UMaMe J0CTa
U3JIAIITHO U3I0J13BaHa maMeT. MIMa Bb3MOKHOCT TOBa JILPBO JI& CE MIPEJICTABU KATO JIBY HIHO
[0 CJIeHUS HAYWH: aKO BbBEJIEM HUBO 3a BCEKU BPHX B JIBbPBOTO TaKa Ye TO € PaBHO
Ha, Pa3CTOSTHUETO OT HEro JI0 KOpeHa, TO 3a BCEKU BPDHX C YETHO HUBO TOYKHUTE C IIO-
roJisiMa, X-KOOPJMHATA CTOAT OT JISICHO, & C MO-MaJIKa OT JITBO U 3& BCEKU BPbX C HEUYETHO
HUBO TOYKHUTE C IO-TOJISIMA y-KOOP/IMHATA CTOAT OT JISICHO, & T€3W C IO-MaJjKa - OTJISBO.
Toect TOBa € MOOpPE MO3HATOTO HU JABYUIHO JIHPBO, IPOCTO HA YETHUTE HUBA CPABHsSIBaAME
10 X-KOOp/IMHATA, & Ha HEYETHUTE HUBA - 110 y-KOOp/HWHaTa. 10Ba JIbPBO M3TJIEXK A I10-
KOMIIAKTHO, ITPEJICTABEHO B TIaMETTa.

2D 1bpBO 3a J1a€HOTO MHOYKECTBO TOUYKU:



JIBon4HO JIBPBO 3a J1aJIEHOTO MHOXKECTBO TOYKHU:

(o ) ie)
B G ) e
s Sie) T[E)¢

Tes3u cTpyKTypH ca MOJIXOJIAIIN 38 ThpCeHEe Ha TOYKHU B JIaJIeH ITPABObI'bJIEH CETMEHT
oT paBHHHaTa. T'bpCEHETO ce U3BbPIIBA KAKTO IIPU JIBOUYHHUTE bpPBETa, KaTo ce ClIa3BaT
BbBEJICHUTE IO-TOpe KPUTEpUuu 1pu cpaBHenue. ETo enHa Busyasmsalus Ha TOYKH B
paBHUHATA, U3rPaJIEHN B JILPBO, Ype3 pa3/ie/issHe Ha IOJIYPDABHUHU ITPU BCSIKA TOYKA I10

X WK 'y B 3aBUCHUMOCT OT 9YE€THOCTTa Ha HHBaTa B JbPBOTO, KaKTO M 3adBKa 3a T'bpCEHE B
CEeI'MEHT:

JledpuanImnTe Ha TE3U CTPYKTYPHU Ca HAJOTHIHHI 1 3 IIPOCTPAHCTBA C ITIOBEYE U3MEPEHU
T.e. 2D-tree moxxkem sa 0606mmM 10 KD-tree. 3a romemn K obade, He € TIOAXOISINO Ja ce



HU3II0JI3Ba AbPBO, KOETO pa3desid IIPOCTPaHCTBOTO Ha KBaJApPaHTH CIIPAMO JaJl€Ha TOYKa,
T'bil KATO BCAKO K-I/IBMepHO IIPOCTPAaHCTBO Ce pa3e/id OT Ja/JcHa TOYKa Ha 2K KBa/JIpaHTa.

1.5 Meroa na nomuTaiara(CKaHUPAIa) JAHUS

ToBa e MeTo/, TPy KOHTO MUC/eHA JINHAS (HApedeHa MOMUTAINA JIUHAS Win sweep line)
ce JIBUKU TIpe3 BCUYKM OOEKTHM B paBHMHATA KAaTO M '"CKaHWpa'm BBPIIN OIpeIeeHn
nefictBus ¢ Tax. I3Becren nmpobsieM, 3a peniaBaHeTO Ha KOMTO e U3IOJI3BA TO3H METOJ, €
pobJieMa 3a HaMHUPaHe Ha IIPeceYHU TOUKN Ha OTCEYKH B PABHUHATA. 34 JIa WIIOCTPpUpaMe
METOJIa 1€ Ce CIIPEM Ha IO-TIPOCTUAT BAPUAHT - KOraTO BCSIKA OT OTCEUKUTE € yCIIOPeIHa
HA HAKOs OT ocuTe. BbBexkiame MOMHTAINA JIMHUSA, KOATO € ycrnopemna Ha Oy~ u ce
JBIZKE OT JisiBO HaJsicHo (o Ox . Torasa:

1. Ako qmHHSATA cpelHe HaJaHA TOYKa Ha OTCedKa, ycrnopeana Ha Oz, mobaBsme
y-KOOp/IMHATaTa B HAKAKBO MHOYXKECTBO P.

2. Ako ymmHESITA CpelHe KpaiiHa TOYKa Ha OTCeYKa, ycrmopeana Ha Ox ™, mpeMaxBaMe
y-KOOp/IMHATaTa OT MHOYXKECTBOTO P.

3. AKxo JmHUusITA cpeliHe oTcedKa, ycrmopeana Ha Oy, To OpOAT Ha IIPECeYHUTe TOUKH
e Oposi Ha ejleMTUTe B MHOXKECTBOTO P B mHTEepBasa |y1,y2|, KbIeTro y; u ys ca y-
KOOD/IMHATUTE Ha JIBeTe KPalfHN TOYKM Ha OTCeYKaTa, KOsITO CKAHMPaMe B MOMEHTA.

Pasbupa ce, momuTaliara JIMHAS He Ce JIBUXKU PeasiHO, a ycaoBHO. JloctarbaHo e jia
IIpeMUHE caMo TIpe3 KpallHuTe TOYKHN Ha OTCEYKUTE, KATO 34 J1a CIIECTUM BpPEME, COpTUPaMe
BCUYKN TOYKHU B HAPACTBAII PEJI CIPSIMO TIXHATA X-KOOPIMHATA.

1.6 Auaropurbm Ha Bentley-Ottmann

3a 00001eHNsT BApUAHT Ha aJITOPUTbMa 38 HAMHUPAHE Ha IIPECeTHN TOYKH Ha OTCEIKHU
(n3BecTeH KaTo ajropuTbM Ha Bertin-OTMman), KOraTo OTCEYKHUTE He Ca 38/ bJIKUTETHO
YCIIOpPEJIHU Ha OCHUTe, Ce M3IO0JI3Ba 110 CIelralHa CTPYKTypa OT JaHHU (M3BECTHA KATo
x-tree) - JIBYUYHO JIbPBO, 38 KOETO BaXKU MPABUJIOTO, Y€ B JIFBOTO TIOJIbPBO C& HAMUPAT
BCUYKH OTCEYKHU, KOUTO C€ HAMHUPAT OT JIIBO Ha TEKyIaTa WA TEKyIara ce HAMUPa OT
JISICHO Ha TSX, & B JSICHOTO IO/TbPBO Ca BCUYKU OTCEYKU, KOUTO C€ HAMUPAT B JIsICHO HA
TeKyIlaTa Wil TeKyIaTa ce HaMupa B JsgBO oT Tax. CjieJl TOBa MO CbINUs HAYUH Upe3
[OMUTAINA JIMHAST CKAaHUpaMe BCUYKM TOYKH U BMbKBAME WM U3TPUBAME OTCEUKA OT
JIbPBOTO B 3aBHCUMOCT OT TOBA JIAJIA € HAadaIHa WK KpaiiHa cKkaHupaHaTa Touka. Koraro
3a JIQJIEHN 2 OTCEYKHU He MOXKe Jia Cce OIpeJe/n JaJi eJHaTa TpsbBa 1a € B JIABOTO WJIN
JISICHOTO TIO/ITbPBO Ha JIpyrara, TO Te ce Ipecudar. loraBa TpsiOBa BMbKBAHATA OTCEUKA
Jla ce pasjesn Ha 2 HOBH OTCEYKHM 3a Ja MOXKE JIa MPOIbJIKEA padoTaTa CU aJfOPUTHhMAa
(r.e. ma "caynuM"BMbKBaHATA OTCEYKA TOYHO B IIpecedHaTa ii ToUKa ¢ JIpyrara OTcedka,
3a Jla MOJIYIUM JIB€ HOBU OTCEYKH, KOUTO BEUYE MOXKEM Ja OMpPEJIeUM B KO€ IMO/IbPBO
ca). [Ipobiema ¢ "oraynenure"orcedukn, KOUTO CJIejl KATO ca OUJIM OTIyIIEHNn TpsiOBa ja
M3YAKAT TIOMUTAIATA JIMHUS JIa TU JOCTUTHE U JIa Ce OIUTA Jia TM BMbKHE OIIE BE/IHBIK
B JIbPBOTO, Ce pellaBa ¢ JApyra CTPYKTypa - IPUOPUTETHA ONAINKa. B Hes Kpauiiara Ha



OTCEYKH C IMO-MAJIKa X-KOOPJMHATA Ca C MO-rojisgM rnpuoputet. Crieji KATO MOJIydUM HOBU
OTCEYKM M BMbKHEM TEXHUTE KPauIlla B OIAIIKaTa, eJIEMEHTUTE Ha ONAIIKATa Ie ObIaT
HIPETOJIPEJIEHH JIOCTATHIHO ObP30, 3a Jla He ce 0TPa3u 3HAYUTENHO Ha ISJIOCTHOTO BPeMe
Ha pabora Ha mporpamara. Baxkno e jia ce orbesiexKu, Ue KpHUTepeusi 3a CpaBHEHUE B
JIbPBOTO HE € TPAH3UTHUBEH, T.e. aKO eHa oTcedka L or g0 Ha T, a R e ot mscno ma T,
TO He BUHAr# e BaaaHo 4de L e or ngBo Ha R. 3aroBa npu usrpusane oT 1HpBOTO TPAOBa
Jla ce IIPaBU MIPOBEPKA 3a IpecuvuaHe HA HOBUTE ChCEIHU BbPXOBE.

1.7 Iunarpamu Ha BopoHoii

3a J1a/1eH0 MHOYKEeCTBO OT TOUKN P B paBHUHATA JuarpamuTe Ha BopoHOIt pe/icTaBisBaT
pazjendne Ha paBHUHATA HA O0JIACTU TaKa de:

1. BbB Bcgka o61acT MMa TOYHO €IHa TOYKA OT JIaJICHUTE.

2. Bcesaka Touka oT Kos Jia € 00J1acT e 1mo-0Jim30 10 TovuKaTa oT P, HamMupalaTra ce B
chIaTa 00J1acT, OT KOJIKOTO JI0 BCSKA JAPyra TOYKa oT P.



3a ga mocrpouM guarpaMuTe Ha Boponoit cromm obsacture emHa 1o emHa. OobJact,
CbIbPIKAINA JadeHa TOUKa, ce 00pa3yBa KaTo MOCTPOUM CUMETPAINTE Ha BCUIKHA OTCEUKM

¢ Kpamina JiajjeHaTa TOIKa 1 HIKOs OT OCTAHAJINTE TOYKHU U B3eMEeM CeIEeHUEeTO Ha 0Ty PABHUHUTE
C'b/IbPIKAIIH JIajIleHaTa TOYKa. ToBa € HAaMBHUAT aJI'OPUTHM 3a MOCTPOABAHETO Ha JIMarpaMuTe.
AsropurbM ebe caoxkuoct O(N log N) e 6w uzmucien mpe3 1986r. or Crusba Popubh.
Cbecron ce oT moMWTAIlla JIUHHUS, caeaBaHa oT "miaxkua usuna'."llmraxkmara usuma'e
IIpeJicTaBeHa KaTo MHOXKECTBO OT Iapabojii, KOUTO C IIPOorpeca Ha MOMHUTAINATA JIMHUS
ouepTaBaT CTpaHUTe Ha Juarpamure Ha Boponoii. MiuiemMenTanmsiTa My obatie HUKaK He

€ TPUBHUAJHA U € OTBbJ 00XBaTa Ha Ta3W CTATHSI.

Junarpamure Ha Bopomoii ce n3no3Bar npu JOKaIU3AIN U OTTOBAPAHE 38 3adBKU OT
tuna "HaH-6JIM3bK CbCeJL IPU KOUTO ThPCUM HAN-OJIM3KUs 00EKT JI0 3a/1aJIeHa TOYKa (He
3abJKUTENIHO OT P). AKO 06ekTuTe ca Hi TOYKUTE OT MHOXKECTBOTO P, TO € JI0CTaThuHO
J1a OIIPEJIEJIMM B KOsI 00JIaCT ce HaMupa 3a/a/leHaTa TodKa. ToraBa Hail OJIU3KIAT 0OEKT 10
Hesl € TOYKaTa OT P KosATO MpUHAJJIe’KN Ha ChIaTa o0acT. KaTto HaMepuM JuarpaMuTe
Ha Boponoii, MoxkeM jia Hamepum Haii-rojiemusi "mpasen"Kpbr B paBHuHHaTA (T.€. @
HAMEpPHUM TOYKaTa, 3a KO’ATO Haii-Om3Kara ToYKa oT P e Bb3MOXKHO Haii-nasedna). [lpn
IUIaHHpaHe Ha JIBUXKEHNeTO Ha PoOOTH, AuarpaMuTe Ha BOpoHOIi ce n31oI3BaT 3a HaMIpaHe
Ha IUCT MApPIIPYT (HAIIPUMED aKO TOUKHUTE Ca MPEISATCTBHsI, TO Hafi-0e30IIacHUsT MapIIPYT
e ObJe TO3U [0 CTPAHWTE Ha JAuarpaMHTe, 3allloTO Te Ca MaKCHMAJJIHO OTJAJeIYeHH OT
3alLIaIBaIiuTe Hi 00eKTH ).

1.8 Tpuanrynamnusa Ha lenone

Tpuanrynanusra Ha [esone 3a MHOKecTBoTO Touku P e tpmanrymamus DT(P), Taka
4e HsMa TOYKa OT P, Bbrpemna 3a koil jga e or Tpubrbinunute Ha DT(P) n Bewuku
OKP'bKHOCTH, orrcany okoJio Tpubrbiaauiure va DT (P), ca npasnu. Criopen necdununumsita
ua /lesione, ornucanara OKpbKHOCT OKOJIO TPU'BI'bJIHUK, ChHCTABEH OT TPU TOYKU OT HAYAIHOTO
MHOXKECTBO TOYKH € NPa3HG aKO He ChIIbpKa JIPYIU TOYKU OCBEH TPUTE,CbCTABSIIIN
TPUBI'bIHUKA.

8a MHOXKeCTBO KOJIMHeAPHU TOUKH He e JeduHupana TpuaHryianus Ha /lejone(BCbITHOCT

He e JieUHUpaHA HUKAKBA TPUAHIYJIAINS ).

Ba 4 TouKH, JIeXKallld Ha eJHAa OKPbKHOCT HE CbINECTBYBa YHUKAJIHA TPUAHTYIAIIAS
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na /lesione - gcHO e Ye m JiBeTe TPUAHTYJIAIMHM PA3JIEJIANN YeTUPUbI'bIHIKA Ha JIBa
TPUBLI'bJIHUKA YIOBJIETBOPABAT ycjoBusTa na Jlesone.

AKO 3a MHOXKECTBOTO OT TOYKM IOCTPOUM jmarpaMute Ha BOpoHO# m cBbpKeM BCsKa
TOYKa OoT PP ¢ TOYKHUTE B CbhbeeHUTE O0JIACTHU, INE IMOJIyIuM TpuaHryaanus Ha lemone
(mos cbeeaaa obsract pasbupame 06J1aCT, YUATO KOHTYD MMa ITIOHE eJHa OOIla TOYKa C
JnajieHara). Pasbupa ce 3a 1mo-rojieMu MHOXKECTBA TOYKH CBINECTBYBa MOBEYE OT €JIHA
rpuanryianus DT(P). Tpuanrynanusara va /lesone nma HIKOJIKO CBOCTBA:

1. ObenmHeHNETO HA BCUYKU TPUHI'bJIHUIINA HI JaBa N3II'bKHAIATAa OOBUBKA HA TOYKUTE
or P.

2. Tpuanrynanugara Ha /lesone cbabpka Hail MHOTO (nd/ %) rpubrbanuka(n-6poit Ha
TouKHTE,d-PA3MEPHOCTTA HA TIPOCTPAHCTBOTO).

3. Tpuanrynanusra na /lesione MakcuMu3npa MUHUMATHUST bI'bJI. AKO IMaMe TPOM3BOJIHA
TpUaHTyIaIusg Ha P, To MoXKeM J1a cMe CUTYPHU, Y€ MUHUMAJTHUAAT U3MEXKIY HIVIUTE
Ha, TPU'BI"bJIHUIIATE bI'bJI, IPU TPUAHTYJIAIMATa Ha [leioHe, e Mo-To/isiM Wi paBeH
Ha MUHUMAaJIHAAT B IPOU3BOJIHA TpuaHry/amus. O6parHoTO He e BApHO: TpuaHrysanuara
Ha /lesmone He BUHArM MUHUMU3UPA MAKCUMAJIHUAT bIbJI.

2 Pedepennun
Pedepenmun
e Algorithms in C - Robert Sedgewick
e http://en.wikipedia.org
Penakius
e Uudoman (rimasen pegakrop: [lerwp VBanos, e-mail: petar.ivelinov@musala.com)
KonaTakTn
e Xpucro Bopucor (aBrop) - e-mail: hborisoff@gmail.com

e Usan Tonopos (cbaBrop) - e-mail: ivan.todorov.bs@gmail.com
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